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Abstract 

In this paper, we shall classify "quadratic" conformal superalgebras by certain compatible 
pairs of a Lie superalgebra and a Novikov superalgebra. Four general constructions of such pairs 
are given. Moreover, we shall classify such pairs related to simple Novikov algebras. 

1 Introduction 

The notion of conformal superalgebra was formulated by Kac [Ka2] , which is equivalent to 
the notion of linear Hamiltonian operator in Gel'fand-Dikii-Dorfman's theory in [GDil-2] 
and [GDol-3]. Conformal superalgebras play important roles in quantum field theory (e.g. 
cf. [Ka2]) and vertex operator superalgebras (e.g. cf. [Ka2], [X7]). In some sense, con- 
formal superalgebras are generalizations of affine Kac-Moody algebras and the Virasoro 
algebra. In this paper, we shall study a special class of conformal superalgebras, which we 
call "quadratic conformal superalgebras." Below, we give a more detailed introduction. 

Throughout this paper, all the vector spaces are assumed over C, the field of complex 
numbers. Denote by C + the additive group of C. For two vector spaces V\ and V2, we 
denote by LM{V\, V2) the space of linear maps from V\ to V2. Moreover, we denote by Z 
the ring of integers and by Z 2 = Z/2Z the cyclic group of order 2. When the context is 
clear, we use {0, 1} to denote the elements of Z 2 . We shall also use the following operator 
of taking residue: 

Res z (z n ) = 5 n _ x for n E Z. (1.1) 

Furthermore, all the binomials are assumed to be expanded in the nonnegative powers of 
the second variable. 
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A conformal superalgebra R — Ro © R\ is a Z 2 -graded C[<9]-module with a Z 2 -graded 
linear map Y + (-,z) : R — > LM(R, R[z~ l ]z~ l ) satisfying: 

y+( 9 u, z ) = dY+ ^ z ) for u e R . (L2) 

y+( u , = (-l^Res x eX9Y+ ^ V, ~ x)u , (1.3) 

2 — x 

^ - (-1)*Y + (t>, ^ 2 )F + ( M , = Res. ^^^^ (1.4) 

z 2 — x 

for u E Ri, v G -Rj. We denote by (i?, <9, Y + (-, 2:)) a conformal superalgebra. When 
i?i = {0}, we simply call i? a conformal algebra. 

The above definition is the equivalent generating-function form to that given in [Ka2], 
where the author used the component formulae with Y + {u,z) = Y^^=o 

Suppose that (R, d, Y + (-, z)) is a conformal superalgebra that is a free C[<9]-module 
over a Z 2 -graded subspace V, namely 

R = C[d]V (**C[d]® c V). (1.5) 

Let m be a positive integer. The algebra R is called a homogeneous conformal superalgebra 
of degree m if for any u, v G V, 

m 

Y + {u,z)v = ^d m - j w jZ - j withmj-eV. (1.6) 

j'=i 

A Lze superalgebra L is a Z 2 -graded algebra L = L ©£i with the operation [•, •] satisfying 

[u,v] = -(-iyi[v,u], [w, [v,u]} = [[w,v],u] - (-ir[[w,u],v] (1.7) 

for u E Li, v & Lj and w E L. It is well known that a homogeneous conformal superal- 
gebra of degree 1 is equivalent to a Lie superalgebra (e.g., cf. [Gdol], [Ka2]). 

A Novikov superalgebra is a Z 2 -graded vector space A = Ao © A\ with an operation 
"o" satisfying: for u G Ai, v G and iu G Ai, 

(u o v) o w = (—iy l (u o w) o v, (u, v , w) = (— l) lJ, (t> , u, w), (1.8) 

where the associator: 

(w, f , w) = (u o t>) o w — u o (t> o w). (1.9) 

When = {0}, we call ^4 a Novikov algebra. It was essentially stated in [GDol] that 
a quadratic homogeneous conformal algebra is equivalent to a Novikov algebra. Such 
an algebraic structure appeared in [BN] from the point of view of Poisson structures of 
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hydrodynamic type. The name "Novikov algebra" was given by Osborn [01]. The above 
superanalogue was given in [X6]. 

By quadratic conformal superalgebra, we mean a conformal superalgebra R that is a 
free C[<9]-module over its Z 2 -graded subspace V such that for u,v e V, 

Y + {u, z)v = (w! + dw 2 )z~ 1 + w 3 z~ 2 with w { G V. (1.10) 

It was essentially stated in [GDol] (without proof) that a quadratic conformal superal- 
gebra is equivalent to a bialgebraic structure (A, [•,•], o) such that (A, [•,•]) forms a Lie 
algebra, (A, o) forms a Novikov algebra and the following compatibility condition holds: 

[w o u, v] — [w o t>, u] + [to, u] o t> — [w, v] o tt — w o [u, v] = (1-11) 

for u,v,w G .4. We may call such a bialgebraic structure a Gel'fand-Dorfman bialgebra for 
convenience. A quadratic conformal algebra corresponds to a Hamiltonian pair in [GDol], 
which plays fundamental roles in completely integrable systems. It was also pointed out 
in [GDol] that if we define the commutator 

[u, v ]~ = u o v — v o u (1-12) 

for a Novikov algebra (A, o), then (A, [-,•]", °) forms a Gel'fand-Dorfman bialgebra. 

In this paper, we shall study quadratic conformal superalgebras. Naturally, we need 
the following concept. A Super Gel'fand-Dorfman bialgebra is a Z 2 -graded vector space 
A = Ao © Ai with two algebraic operations [•, •] and o such that (A, [•,•]) forms a Lie su- 
peralgebra, (A, o) forms a Novikov superalgebra and the following compatibility condition 
holds: 

[w o u,v] — (— ly^lw ov,u] + [w,u] o v — (— l) u [w,f] o u — w o [u, v] — (1-13) 

for u G Ai, v G „4j and w G ^4. We shall present the proof of that a quadratic con- 
formal superalgebra is equivalent to a super Gel'fand-Dorfman bialgebra. For a Novikov 
superalgebra (A, o), we define another operation [-,•]" on ^4 by 

[u, t>] — = u o v — ( — l)^i' o m for w G A, v G (1-14) 

The proof of the fact that (^4, [•,-]", o) forms a super Gel'fand-Dorfman bialgebra will also 
be given. However, we do not claim these proofs as our major results in this paper. Our 
purpose of doing these is to give the reader a convenience. 

Our main results can be divided into two aspects. First, we shall present four general 
constructions of super Gel'fand-Dorfman bialgebras. Two of them are extracted from 
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simple Lie superalgebras of Cartan types W, H and K. One construction comes from a 
family of infinite-dimensional simple Lie superalgebras that we constructed in [X4]. The 
other construction is obtained from our classification works in this paper. 

The second aspect of our results are classifications of Gel'fand-Dorfman bialgebras 
related to simple Novikov algebras. Zelmanov [Z] proved that any finite-dimensional 
simple Novikov algebra over an algebraically closed field with characteristic is one- 
dimensional. Osborn [02] classified finite-dimensional simple Novikov algebras with an 
idempotent element over an algebraically closed field with prime characteristic. In [X3], 
we gave a complete classification of finite-dimensional simple Novikov algebras and their 
irreducible modules over an algebraically closed field with prime characteristic. 

Suppose that A is an additive subgroup of C and denote T = {0} or N = {0, 1, 2, 3, ...}, 
the set of natural numbers. Let Aa,t be a vector space with a basis {x a j \ (a,j) G AxT}. 
For any given constant b G C, we define algebraic operation o on *4.A,r by 

x a ,i o xpj = (13 + b)x a+l3 , i+j + jx Q+/3ii+i _i for a, (3 G A, i,j G T, (1.15) 

where we adopt the convention that if a notion is not defined but technically appears 
in an expression, we always treat it as zero; for instance, x a j = if (a,j) G" A x T 
(this convention will be used throughout this paper). In [03], Osborn proved that a 
simple Novikov algebras with an idempotent element whose left multiplication operator 
is locally-finite over an algebraically closed field with characteristic must be isomorphic 
to (Aa,f, °) for some A, T and b. There is a natural commutative associative algebra 
structure • on v4.A,r: 

x a ,i ■ xpj = x a+ ^ i+j for a, (3 G A, i,j G T. (1.16) 

Throughout this paper, the symbol • of an associative algebraic operation in a product 
will be invisible for convenience, when the context is clear. For any £ G Aa,t, we define 
an algebraic operation Og on Aa,t by 

x a ,iO(Xp d = (fi + gjxa+fri+j+jxa+fri+j-x for a, (3 G A, i,j G T. (1.17) 

We proved in [X4] that (*4.A,r,o§) forms a simple Novikov algebra for any £ G *4.A,r- 
This in particular gives a large family of simple Novikov algebras without any idempotent 
elements. According to Gel'fand and Dorfman's statement in [GDol], we have a large 
family of Gel'fand-Dorfman bialgebra (^.A.r, [•, -] - ) ?) (cf- (1.12)). In fact, 

[x a ,i, = x a ,i o f xpj - xpj o x a ,i = {(3- a)x a+(3 , i+j + (j - i)x a+/ j )i+ j_i (1.18) 
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for a, (3 G A, 2, j G T. Moreover, (»4A,r, [•, •]") is a simple Lie algebra (cf. [05]). 

For convenience, we call (A, [■,•]) a Lze superalgebra over the Novikov superalgebra 
(A, o) and (A, o) a Novikov superalgebra over the Lie superalgebra {A, [•,•]) when (^4, [•,•], o) 
forms a super Gel'fand-Dorfman bialgebra. In [OZ], the authors proved that a Lie algebra 
over (Aa,t, °) with A = Z, T = {0} and 5 G" Z or A = {0} and r = N must be isomorphic 
to (Aa,t, b - ] - )- 111 this paper, we shall classify all the Lie algebras over (*4a,{o}>°) fc> r 
arbitrary additive subgroup A and any constant b. In the case b £ A, the Lie algebras 
are Block algebras [B]. We also classify the Lie algebras over (*4a,n, °) when b £ A. 
It seems to us that there are too many complicated Lie algebras over (»4a,n, °) when 
A ^ {0} and b G A. We shall present several families of such Lie algebras which still look 
neat. Furthermore, we shall classify all the Novikov algebras whose commutator algebra 
is (Aa,{o}, [•) •]")■ K looks more challenging to classify Novikov superalgebras over all the 
well-known simple Lie superalgebras. 

We remark that the Hamiltonian superoperator corresponding to a conformal super- 
algebra R with R\ 7^ {0} does not in general have any analytic implication yet. The 
right theory of Hamiltonian operators compatible with supersymmetric partial differen- 
tial equations is that we gave in [X6]. 

The paper is organized as follows. In Section 2, we mainly present the proof of the 
equivalence of a quadratic conformal superalgebra and a super Gel'fand-Dorfman bialge- 
bra. In Section 3, we give four general constructions of super Gel'fand-Dorfman bialgebras. 
Our classification results are presented in Sections 4, 5 and 6. 

The author thanks Prof. E. Zel'manov for his comments and suggestions. 

2 Equivalence 

In this section, we shall prove that quadratic conformal superalgebras are equivalent 
to super Gel'fand-Dorfman bialgebras. Moreover, we shall also give the proof of that 
{A, [•, -]~, o) forms a super Gel'fand-Dorfman bialgebra for any Novikov superalgebra 
(A,o) (cf. (1.14)). 

Let R be a Z 2 -graded free C[<9]-module over its Z 2 -graded subspace V (d(Ri) C Ri). 
Let Y + (-, z) : V — > LM(V, Rlz^z^ 1 ) be any given Z 2 -graded linear map. We can extend 
Y + (-, z) as follows. First we extend Y + (-, z) to a linear map from R to LM(V, -Rfz" 1 ]): 

Y + (f(d)u,z)v = f(d/dz)Y + (u,z)v for u,v G V, f(d) G C[d\. (2.1) 
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Then we define a linear map Y + (, z) : R — > LM(R, R[z x ]) by 

TO 

r+(C, ^)<9 m v = ^(-l) J .9 m ^rf i r + (C, z)v/dz j for ( e R, v ev, meN. (2.2) 

The extended map Y + (-,z) naturally satisfies (1.2). According to Remark 4.1.2 (2) and 
(4.2.7) in [X7], (R, Y + (, z)) forms a conformal superalgebra if and only if the map Y + (, z) 
satisfies (1.3) and (1.4) when acting on V for u,v G V. This fact was showed by Kac 
[Ka2] through a relatively more complicated approach. 

The map is said to be homogeneous of degree m if it satisfies (1.6). Suppose that the 
map Y + (, z) can be written as: 

y+(-, z) = y+(., z ) + K+(-, *) + ... + y+(., z), (2.3) 

where all Y^{-,z) : V — > LM(V, are homogeneous Z 2 -graded linear maps of 

different degrees and they are supposed to be extended as Y + (, z). The following lemma 
can be proved by comparing the degrees in (1.3) and (1.4). 

Lemma 2.1. The map Y + (-,z) satisfies (1.3) if and only if all Y* '(• , z) satisfy (1.3). 
When p = 2, the map Y + (,z) satisfies (1-4) if and only ifYi(-,z) and Y 2 (-,z) satisfy 
(1-4), and the following condition holds: 

(Y+(u, z 1 )Y 2 + (v, z 2 ) + Y 2 + (u, zjY+iv, z 2 ))w 

-(-ly^Y+iv, z 2 )Y 2 + (u, Zl ) + Y+(v, z 2 )Y+{u, Zl ))w 
Reg {Yf(Y 2 + (u, zi - x)v, x) + Yj~(Yf(u, z l - x)v, x))w 

z 2 - X 

for u G Vi, v G Vj and w G V. In particular, if the family (R, d, Y + (-, z)) forms a 
conformal superalgebra, then both (R,d,Y*(-, z)) and (R,d,Y 2 + (,z)) form conformal su- 
peralgebras when p = 2. 

Theorem 2.2. A quadratic conformal superalgebra is equivalent to a super GeVfand- 
Dorfman bialgebra. 

Proof. Let (R, d, Y + (-, z)) be a quadratic conformal superalgebra. By (1.10), we can 
write: 

Y + (u, z)v = (d(v o u) + [v, u^z" 1 + v ■ uz~ 2 for u,v E V, (2.5) 

where o, [•,•], • are three algebraic operations on V and the reason of changing the order 
of u and v on the right hand side is because we want our results consistent with the 
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notions of Novikov algebra and Gel'fand-Dorfman bialgebra (otherwise, we would obtain 
their "opposite algebras"). For u G Vi and v G Vj, (1.3) becomes: 

(d(u ov) + [u, v + u ■ vz~ 2 
= (-l) ij [{d(v-u-vou)- [v.u^z' 1 + vuz~\ (2.6) 

where f(x) G R[x]. Since R is a free C[<9]-module over V, we obtain: 

tl-H = !)OM+(-l)' j llO!), [u,v] = -(-l) tj [v,u]. (2.7) 

Define two linear maps Y+(-,z), Y 2 + {-,z) : V -> LM(V, ifc -1 ]) by: 

Yi + (u,z)u = [u,u]2 _1 , Y^u^u = ^om^ 1 + (w o w + (-l)«uo«)r J (2.8) 

for u G Vi, f G V}. Then Y^ + (-,2;) is a homogeneous map of degree j and Y + (-,z) = 
Yi~(-,z) + Y 2 {-,z). According to the above lemma, both Y^(-,z) and Y 2 {-,z) satisfy 
(1.4). Let ueVi, v G V}. By (1.4) for Yi + (-,z), we have: 

([[w,v],u] - (-l)^[[w,u},v})z^z^ = [w, [v,u\\^W ( 2 -9) 

by Definition 2.7b in [Ka2], which implies the second equation in (1.7). Thus (V, [•, •]) 
forms a Lie superalgebra. 

Next we let u G V, v G Vj and w G V x . By (2.2) and Definition 2.7b in [Ka2], 

Y 2 + (u,z 1 )Y 2 + (v,z 2 )w 
= d 2 (w o v) o uzi l z 2 l + 9((u> o v) o -u + (— iy l (v o w) o u)z{ l z 2 2 
+d[2(w ov)o U + (-l) i{j+l) u o( W o v)\z^ 2 z 2 x 

+ [(w o v + (-l) jl v ow)ou + (-l) i{j+l) u o(wov + (-l) jl v o w)\z{ 2 z 2 2 

+2((w ov)o U + {-iy( j+l) u o(wo v))z^ 3 z^, (2.10) 

Reg Y 2 + (Y 2 + (u,z l - x)v,x)w 
z 2 — x 

= —dw o (v o u)z]~ 1 z 2 2 — 2(w o (v o u) + (— l) l ^ l+ ^{v o u) o w)z^ l z 2 3 + (—w o (v o u) 
+ (-l) lj w o(uov)- (-l)^ i+j) (v ou)ow + {-l) l{l+j)+t] {u ov)o w)zfz 2 2 
+ (-l) ij dw o(uo v)z~ 2 z 2 1 + (-l) ij 2(w o(uo V ) 

o v ) o w)z^z 2 1 (2.11) 

by (2.1). Thus by (1.4), 

d 2 [(w ov)ou — (— iy j (w o u) o v]zi 1 z 2 1 — (—l) lj 2((w o u) o v 
+ (_l)i(*+0 v o ( w o u))z^z 2 3 + 9[(iu o v ) o u + (-l) j7 (v o w) o u 
-(-l) <J '(2(iu o u) o v + (-l) j(i+0 t; o (w o u))]z^z 2 2 - (-l) ij d[(w ou)o V 
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+(-l) il (u o w) o v - (-l) ij (2(w ov)o U + {-l) i{ - j+l) u o( W o v))]z^ 2 z 2 l 
+{[(w o V + (-l) jl v o W )ou+ (-l) i{j+l) u o(wo V + (-l) jl v O w )] 
-(-l) ij [(w ou + (-l) il u o W )ov + {-l) j[i+l) v O (w O U 
+{-l) il u o w)]}zi 2 z 2 2 + 2((w ov)ou + (-iy^u o( W o v))z^z 2 l 
= Y+(u, z 1 )Y 2 + (v, z 2 )w - (-l) ij Y 2 + (v, z 2 )Y 2 + (u, Zl )w 

Reg y 2 + ( y 2 + (^^l ~X)V,X)W 

z 2 — x 

= —dw o (v o u)zi 1 z 2 2 — 2(w o(bo«) + (— l) l ( t+ fi(v ou) o w)z^ 1 z 2 3 + (— w o [v o u) 
+ {-lfw o(uov)- {-l) l{l+j \v ou)ow+ {-lf i+])+ij {u ov)o w)zfz 2 2 
+(-l) ij dw o(uo v)z^ 2 z 2 1 + (-l) ij 2(w o(uo V ) 

+ (-lf i+j \u ov)o w)zf'z 2 1 . (2.12) 
Comparing the coefficients of z^z^ 1 in (2.12), we have: 

(«joi;)oM = (-l) y (ioo!i)otj. (2-13) 
From the coefficients of z^z^ 2 in (2.12), we find 

(w o v) o u + (-l) jl (v ow)ou- (-l) ij (2(w o u) o v + (-l) j(i+i) t; o (w o u)) 
= —wo(vou), (2-14) 

which is equivalent to: 

(— l) jl (v o w) o u — (w o t>) o u — (— l) J,7 f o (ty o -u) = — w o(doji) (2-15) 

by (2.13). Note that (2.15) can be written as: 

(w,v,u) = (-l) jl (v,w,u) (2.16) 

(cf. (1.9)). Hence (V, o) forms a Novikov superalgebra. 

We want to show that the coefficients of the other monomials in (2.12) do not give 
more constraints on (V, o). Checking the coefficient of z^ l z 2 3 , we have: 

-(-l) ij 2((wou)ov + (-l) j{i+l) vo(wou)) = ^(wo^ouj + f-lj^'ftjoujow), (2.17) 

which is equivalent to: 

(w o v) o u + (— l) jl v o (w o u) = w o (v o u) + (— l) lj (v ow)ou (2.18) 

by (2.13). Note (2.18) is the same as (2.15). The equation from the coefficient of z~{ 2 z 2 x 
is equivalent to that from the coefficient of z{ 1 z 2 2 and the equation from the coefficient 
of z{ 3 z 2 1 is equivalent to that from the coefficient of z{ 1 z 2 3 because u, v, w are arbitrary. 
Extracting the coefficient of z{ 2 z 2 2 in (2.12), we obtain: 



(w O v + (-l) jl V Ow)ou + O (w O V + O iu) 

-(-lf[(lDO M + (-lfllOtu) OH (-l) j(W) t)0 (-lfuow)} 

= —w o (v o u) + (—ly^w o (u o v) — (— l) l ^ + ^\v o u) ow 

+(-lp) +,) '(uoD)oiB, (2.19) 

which is equivalent to: 

(-iy\v,w,u) - (-iy ij+l \ u ,w,v) 

= (w, v, u) — (— iy 3 (w, u, v) — (-l) l ^)(v,u,w) + (-l) ij+l{i+j) (u,v,w). (2.20) 

The above equation is implied by (2.16) again because u,v,w are arbitrary. 
Now we want to show that (2.4) only give rise to (1.13). First we have: 

(Y+iu, Zl )Y 2 + (v, z 2 ) + Y+(u, Zl )Y+(v, z 2 ))w 
= d([w o v, u\ + [w, v] o u)z^ x z^ x + [w o v + (— iy l v o w, u]z^ 1 z 2 2 

+([w, v}ou + (-l) i(j+l) u o [w, v] + [w o v, u])zf 2 'z 2 l , (2.21) 

Res x (z 2 — x)~ 1 [Y^~(Y 2 + (u, z\ — x)v,x)w + Y 2 + (Y+(u, z\ — x)v,x)w] 
= dw o [v, v\z1 x z 2 x + (w o [v, u] + (— l) l ^ l+: >\v, u] o w — [w, v o u]);zj~ 1 z 2 2 

+(wo[v,u] + (-l/^^nloffl + f-lflffi.uo^z^- 1 . (2.22) 

Then by (2.4), we get 

d([w ov,u] + [w, v] o u — (— l)^{\w o u,v] + [w, u] o v))zi 1 z 2 1 

+ ([wov + (-l) jl v ow,u\- (-l) ij ([w, u}ov + (-l) j{ - i+l) v o [w, u] + [w o u, v\))z^ l z 2 2 

+ ([w,v] ou + (-l) i(i+ \o [ w ,v] + [wov,u\- (-l) !j [fflo« + (-ly'uow^^Zi 2 ^ 1 
= (Y+iu, Zl )Y 2 + {v, z 2 ) + Y+(u, Zl )Y+(v, z 2 ))w 

-(-ly^Y+iv, z 2 )Y+(u, Zl ) + Y+(v, z 1 )Y 1 + (u, Zl ))w 
= Res x (z 2 — x)^ 1 [Y 1 h (Y 2 + (u, z 1 — x)v,x)w + Y 2 + (Y^(u, z\ — x)v,x)w] 
= dw o [v, v\z1 x z 2 x + (w o [v, u] + (—l) l( - l+ ^[v, u] o w — [w, v o t/])zj~ ^J 2 

+(wo [v,u] + (-lj'^l^loto + t-lf^uooDz-V. (2.23) 

Note that the coefficients of z{ 1 z 2 1 in (2.23) imply: 

[w o v,u] + [w, v] o u — (— l) u ([u> o«,d] + [u>, m]o?)) = «jo [t>, -u], (2.24) 

which is the same as (1.13) because u,v,w are arbitrary. Comparing the coefficients of 
Zi 1 z 2 2 in (2.23), we obtain: 
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[w ov + (-l) jl v ow,u\- (-l) lj ([w, u]ov + (-l) j( - l+l ^v o [w, u] + [w o u, v]) 
= w o[v,u] + (-l) l{i+j) [v,u]o W - [w,vo U ], (2.25) 

which can be rewritten as: 

([w o v,u] — (— l)' 13 [w o u,v] — (— iy j [w, u] ov — wo [v,u] + [w, v] o u) 
+ ((-l) jl [v,w] o u + (-l) jl [v o w ,u] - (-l) Ki+j) [vou,w] 

-(-l) l( - i+j) [v,u]ow-(-l) jl vo[w,u\) = 0. (2.26) 

However, (2.26) is implied by (2.24) because u,v,w are arbitrary. The equation from the 
coefficients of z^z^ 1 in (2.23) is equivalent to (2.25), again because u,v,w are arbitrary. 

What we have proved in the above is that (V, [•,•], o) forms a super Gel'fand-Dorman 
bialgebra. Since the above arguments are reversible, a super Gel'fand-Dorman bialgebra 
(V, [•, •], o) defines a quadratic conformal superalgebra by (2.5) and the first equation in 
(2.7). Thus the equivalence is established. □ 

Theorem 2.3. Let (A,o) be a Novikov superalgebra. Then (A, [•, -]~, o) (cf. (1-14)) 
forms a super GeVfand-Dorfman bialgebra. 

Proof. For u G Ai, v G Aj and w G Ai, 

[w o u, v]~ — (— l) 13 [w o v, u]~ + [w, u]~ o v — (— l) lJ, [u>, v]~ o u — w o [u,v]~ 
= (w ou) ov - (-ly^v o (w o u) - (-iy j (w ov) ou + (-l) d u o(w ov) 

+(w o u) o v — (—iy l (u o w) o v — (—iy j (w O v) O U 

+ (— iy i+v>3 {v o w) o u — w o (u o v) + (—iy j w o (v ou) 

= o(wo U ) + {-iy l u o( W ov)- {-iy\u o W )o V 

+ (-l) ( * + ' )j '(v o w) o u - w o {u o v) + (-l) lj w o (v ou) 
= (-iy t+l ^ j (v,w,u) - (-l) ll (u,w,v) - w o (u o v) + (-iy j w o (v ou) 
= (— l) l:1 (w, v, u) — (w, u, v ) — w o (u o v) + (— iy j w o (v ou) 
= (— l) lJ (w o v) o u — (—iy j w O (v o u) — (w o u) O V + W O (u o v) 

-wo (uov) + (-l) ij wo (vou) = (2.27) 

by (1.8). So (1.13) holds. □ 

Example. A super commutative associative algebra A is Z 2 -graded associative algebra 
such that 
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u ■ v = (-l) ij v ■ u for u G Ai, v G Aj. (2.28) 

It is easily verified that a super commutative associative algebra forms a Novikov super- 
algebra. 

An element d G End A is called a derivation of A if there exists « G Z 2 such that 

d^jcA+j, d(u-u) = d(«) + (2.29) 

for j G Z2, m G ti G A The derivation is called even if i = and is called odd if 
i = 1. 

Let d be an even derivation of a super commutative associative algebra A and £ G *4o. 
We define an operation o on A by 

u o v = ud(v) + £uv for ti,i;6 A (2.30) 

By the analogous arguments as (2.7) and (2.8) in [X4], we can prove that (.4., o) forms a 
Novikov super algebra. 

3 Constructions 

In this section, we shall give four constructions of super Gel'fand-Dorfman bialgebras. 

Let (A, •) be a super commutative associative algebra. Denote by W(A)o the space of 
even derivations of A and by W(»4)i the space of odd derivations of A. Then 

W(A) =W(A)o + W(A) 1 (3.1) 

forms a Lie superalgebra with respect to [•, •] defined by 

[di, d 2 ](v) = d 1 {d 2 (v)) - {-lfd 2 {d l {v)) for d 1 G W(A)i, d 2 G W{A)j, v G A. (3.2) 

Moreover, W(.4) forms a left ^.-module with respect to the action: 

(ad)(v) = ad(v) for a,v G A, d G W(A). (3.3) 

Set 

M = W{A) © A (3.4) 
We define two algebraic operation [•, •] and o on A/" by 

[di + 6, ^2 + 6] = [di, ^2] + ^1(6) - (-1)^2(6), (3.5) 

11 



(di + 6) ° (d 2 + 6) = (-i)°M + 66 (3.6) 

for di + dGjV^ W(./4)i + A and dj + ^e A/}. 

Theorem 3.1. The family (A/", [•, •], o) forms a super GeVfand-Dorfman bialgebra. 

Proof. The pair (A/", [•,•]) forms a Lie superalgebra because it is a semi-product of 
W(«4) with its module A. Let dj + & e A/} 4 with i — 1,2, 3. First we have: 

[(di + £i)o(d 2 + 6)]°(d3 + &) = (-i)^ 2+(j ' 1+J2)j3 e36di + 666 

= (-l)^[(di + 6)o(* + &)]o((fc + 6), (3.7) 

(d! + 6)°[(d 2 + 6)°(d 3 + 6)] = K+6)o((-im + 66) 

= (-i) jl(j2+J3) 66di + 666- (3.8) 

The above two expressions imply the associativity: 

[(di + 6) ° (d 2 + 6)] ° (4 + 6) = (di + 6) ° [(d 2 + 6) ° (d 3 + 6)]- (3-9) 
Thus (A/", o) forms a Novikov superalgebra. Furthermore, 

[(d 3 + 6) o (d 1 + 6), d 2 + 6] " (-1) JU2 [(d 3 + 6) ° (d 2 + 6), d, + 6] 
+ [4 + 6, di + 6] o (d 2 + 6) " (-1) JU2 [da + 6, d 2 + 6] ° (di + 6) 

-(d 3 + 6)°[di + 6,d 2 + 6] 

= [(-i)^ 3 6d 3 + 66, d 2 + 6] - (-ir j2 [(-i) j2J3 6d3 + 66, dx + 6] 

+([d 3 , d ± ] + d 3 (6) - ( \) JJ< d^)) o (d 2 + 6) - (-l)^ 2 ([d 3 , d 2 ] + d 3 (6) 
-(-l)^rf 2 (^)) o + - (d 3 + &) o ([d!, d 2 ] + d^) - (-l)^ 2 d 2 (6)) 
= (■ 1)' : ^,>/:;. d 2 ] - (-l)^ + ^^^)d 2 (6)d 3 + (-l) JU3 6d 3 (6) 

-(-l) j2 °' 1+j3) d 2 (66) - (-l) J2 ° 1+j3) 6[d 3 ,d 1 ] + (-l)^ 1+J ' 2 ^di(6)d 3 

-(-i) j2 ° 1+j3) 6d 3 (6) + (-i) JU3 di(66) + (-i) J ' 2(, ' 1+J ' s) 6[d 3 ,di] 
+(d 3 (6) - (-i) JU3 d 1 (6))6 - (-i) J1J3 6[d 3 ,d 2 ] - 

-(-l) j2j3 d 2 (6))6 - (-l) J3(jl+j2) di(6)d 3 + (-l) jM ^ + ^d 2 (^)d 3 

-6di(6) + (-l) JU2 6d 2 (6) = 0. □ (3.10) 

The above construction is extracted from the simple Lie superalgebras of Cartan type 
W (cf. [Ka3], [X7]). 
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Our second and third constructions are related to the following concept. A Lie-Poisson 
superalgebra A is a Z 2 -graded space with two algebraic operations • and [•, •] such that 
(A, •) forms a super commutative associative algebra, (A, [•,•]) forms a Lie superalgebra 
and the following compatibility condition is satisfied: 

[u, v ■ w] = [u, v } ■ w + (— l) ll v ■ [u, w] for u G Ai, v G Aj, w g A. (3-11) 

Let (A, •,[•,•]) be a Lie-Poisson superalgebra and let d be an even derivation of the 
algebra (A, •) such that 

d[u,v] = [d(u),v] + [u,d(v)]+£[u,v] for u,v <E A, (3-12) 

where £ G F is a constant. Now we define another algebraic operation on o on A by 

uov — ud(v) + £,uv for u G A, v G Ap. (3.13) 

Theorem 3.2. The family (A, [•, •], o) forms a GeVfand-Dorfman super bialgebra. 

Proof. Note that (3.13) is the same as the second equation in (2.15) in [X4]. It can be 
similarly verified that {A, o) forms a Novikov superalgebra. Moreover, for u G Ai, v G Aj 
and w G A, 

[w ou,v] — (— iy 3 [w ov,u] + [w,u] ov — (—ly^lwjv] O u — w o [u, v] 
= [ w (d + 0(u),v}-(-ir[w(d + 0(v),u} + [w,u}(d + 0(v) 

-{-If [w, v] (d + (u) -w(d + [u, v] 
= [wd(u),v] - (-iy j [wd(v),u] + [w,u]d(v) - (—l) lj [w, v\d(u) +£([wu,v] 

-(-l) ij {wv,u] + [w,u]v- (-l) ij [w,v}u) - w([d(u),v] + [u, d{v)\ + 2£[u, v}) 
= (-l) ij [w,v]d(u) - [w,u]d(v) + [w,u]d(v) - (-l) ij [w, v]d{u) 

+£([w[u,v] - {-l) ij w[v,u}) -w(2£[u,v]) = 0. (3.14) 

So (1.13) holds. □ 

The above construction is related to the Lie superalgebras of Hamiltonian type and 
Contact type (cf. [Kal]). 

Next we shall present a construction extracted from a family of infinite-dimensional 
simple Lie superalgebras that we obtained in [X4] (cf. Theorem 5.3 in [X4])). 

Let (A, •) be a commutative associative algebra and let d be a derivation of A. Set 

A = AxA = A ®A! (3.15) 
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with 

Ao = (A,0), Ai = (0,A). (3.16) 
For fixed elements £, 770, Vi e A, we define two algebraic operations [•, •] and o on A by 

[(uq, mi), (y , vi)] = (fitiUi, 0), (3.17) 

(u , Mi) (v , vi) = (u (d(v ) + i] v ),u 1 (d(v ) + 770^0) + «o(d(ui) + Vi^i)) (3.18) 

for Ui,Vj G A. It is easily seen that (A, [•, ■]) forms a Lie superalgebra. 

First we want to show that (A, o) forms a Novikov superalgebra. Note that by Corol- 
lary 2.6 in [X4], (Aq,o) forms a Novikov algebra. This fact will simplify our verification 
of (1.13). Let Ui,Vi,Wi G A with i — 0,1. First we have: 

[(0,wi) o (m ,0)] o (u ,0) = (0,tui(d(u o ) + ?7oMo)) o (i» ,0) 

= (0, wi(d(uo) + i] u )(d(v ) + r} v )), (3.19) 

[(tw ,twi) (0,«i)] o (u ,0) = (0, «; (d(wi) («o,0) 

= (0, iuo(d(tii) +r)i u i)(d(vo) + Vo v o)), (3.20) 

[(u? , wi) o (v , 0)] o (0, Mi) = (w (d(v ) + i] v ),w 1 (d(v ) + r} o v )) o (0, m) 

= (0,w (d(v o ) + r]oVo)(d(u 1 ) +771M1)), (3.21) 

[K, ™i) o (0, mi)] o (0, Vl ) = (0, w (d( Ul ) + r/iMi)) o (0, Vl ) = (0, 0). (3.22) 
Thus the first equation in (1.8) holds. Furthermore, 

((m ,0),K0),(0,m;i)) 
= [(m , 0) o (v , 0)] o (0, Wl ) - (m , 0) o [(v , 0) o (0, Wl )\ 
= (0, u (d(v ) + i] v ){d(wi) + r]iwi) - (0, u {d(v d(wi) + f]iv wi) 

+7] 1 (v d(w 1 ) +T] 1 V W 1 ))) 

= (0,u v [(r} - ri 1 )(d(wi) +77^1) - d 2 (w 1 ) - dfawi)]), (3.23) 

((m ,0), (0,ui), (w ,™i)) 
= [(ito, 0) o (0, wi)] o (w , wt) - (m , 0) o [(0, vi) o (w , wi)] 
= (0, us(d(vi) + rixVi) (d(w ) + r) w )) - (0, u (d(i>id(iUo) + ?7o^i^o) 

+?7i(fid(M;o) +770^1^0))) 
= (0, -M Mid(d(wo) +770^0)), (3.24) 
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((0,«i), K,0), (w ,wi)) 

= [(0, Ux) o (u , 0)] O (iy , Wi) - (0, f i) o [(« , 0) O (u7 , 

= (0, ui(d(u ) + VoUo){d{w ) + 770^0)) - (0, wi(d(w d(u> ) + i]oUow ) 

+i] (u d(w ) +i] u w ))) 
= (0, -u t>id(d(u>o) +?7o^o)), (3.25) 

((0, (0, (iu , wi)) = = -((0, Vl ), (0, (iuq, wi)). (3.26) 

Expressions (3.23-26) show that the second equation in (1.8) holds. Hence (A, o) forms a 
Novikov super algebra. 

We shall now exam (1.13). Note (1.13) trivially holds if u — (u , 0) and v = (v 0: 0) by 

(3.17) . Moreover, 

[(w , wi) o (tto, 0), (0, ui)] - [(iu , ici) o (0, (u , 0)] + [(tu , («o, 0)] o (0, ui) 
-[(two, tui), (0, «i)] o (u , 0) - (iu , twi) o [(« , 0), (0, uj)] 
= (^iui(d(« )+??ouo),0)-0 + 0-(^iui(ti(uo)+7?o«o),0)-0 = 0, (3.27) 

[(w ,ll>l) O (0,Ui), (0,Ui)] + [(ffi ,!«l) o (Cux), (0,«i)] 

+[(w ,w 1 ), (0,Mi)] O (0,l>i) + [(w ,Wi), (0,l>i)] O (0,Mi) - (w ,Wi) O [(0,Mi), (0,l>i)] 

= (f«Wi(d(ui) + *7i«i), 0) + (C«;oWi(d(ui) + 0) + (0, fiUiiti(<Z(ui) + t/i^i)) 
+(0,^w;ifi(d(ui) +771U1)) - (wo(d(£uii>i) + ^o^i^i), + ryoC^i^i)) 
= («; «iui(2^i - £to " d(0)>^i«ivi(2^i - - <*(£)))■ (3.28) 
Therefore, (1.13) holds if and only if 

2^1 = ^0 + ^(0- (3-29) 
We summarize the above result as the following theorem. 

Theorem 3.3 Let (A, ■) be a commutative associative algebra and letd be a derivation 
of A. We set a space A as in (3.15) and (3.16). For any given three elements £,770,771 G A 
satisfying (3.29), we define two algebraic operations [•, •] and o on A as in (3.17) and 

(3.18) . Then the family (A, [•, •], o) forms a GeVfand-Dorfman super bialgebra. 

Let (A, •) be a commutative associative algebra and let d 1 ,d 2 , d 3 be mutually commu- 
tative derivations of (A, •)■ Define 

[u, v ] it j = di(u)dj(v) — dj(u)di(v ), [u, v]i — udi(v) — di(u)v for u, v & A] (3.30) 
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u o i b v = u(di + b)(v) for u, v E A, (3.31) 

where b G F is a constant. It can be verified that (.4., [•, forms a Lie algebra. Moreover, 
(A, Oj i6 ) form Novikov algebras by Corollary 2.6 in [X4]. We want to use these algebras 
to construct new Gel'fand-Dorfman bialgebras. 
For u,v,w G A, we denote 

[u,v,w]ij 7 i = [[u,v]ij,w]i + [[u,v]i,w]ij + [[v,w]ij,u]i 

+[[v, w}i, u]ij + [[w, u]ij, v]i + [[w, u\ h v]ij. (3.32) 
A tedious calculation shows that 

[u, v, w] itj! i = di(u)di(v)dj{w) + dj(u)di(v)di(w) + di(u)dj(v)di(w) 

—di{u)dj{y)di{w) — dj{u)di{y)di{w) — di{u)di{v)dj{w) (3.33) 
for u,v,w G A. By (3.33), we can verify that 

[v,-k» = 0. (3.34) 

Thus we have: 

Proposition 3.4. The pair (A, [•, -]i j2 + A[-, -]i) form a Lie algebra for any A G F. 
For u,v,w G A, we have: 

[W 3 ,bU,v] lj2 - [W 3tb V,u] lj2 + [W,u] lj2 3ife V - [W,v] lt2 °3,6 U W 0^ b [u,l>]i j2 

= ^(-u^g^-u^^) + wdid%(u)d2{v) + bd 1 (w)ud2{v) + bwd\(u)d2{v) 
—d2{w)d 3 {u)d\{v) — wd2d 3 {u)d\{v) — bd2{w)ud\{v) — bwd 2 (u)di(v) 
—d 1 (w)d2(u)d 3 (v) — wd2{u)d 1 d 3 {v) — bd\{w)d2{u)v — bwd 2 {u)d 1 {v) 
+d2{w)di{u)d 3 {y) + wd\{u)d2d ?l {v) + bd2{w)di{u)v + bwd\{u)d2{v) 
+di(w)d2(u)d 3 (v) + bd\(w)d2{u)v — d 2 (w)di(u)d 3 (v) — bd 2 (w)di(u)v 
—di(w)d 3 (u)d 2 (v) — bdi(w)ud 2 (v) + d 2 (w)d 3 (u)di(v) + bd 2 (w)udi(v) 
—wd 1 d 3 {u)d 2 {v) — wd 1 (u)d 2 d 3 (v) — bwdi(u)d2(v) 
+wd2{u)d\d 3 {v) + wd 2 d 3 (u)di(v) + bwd 2 (u)di(v) 

= bw[u,v] li2 , (3.35) 

[w o 2)6 it, f] i [tu o 2ib f , u]i + K u]i o 2)b v - [w, v]i o 2tb u-w o 2)b [u, v]i 
= wd2(u)di(v) + bwudiiv) — di(w)d 2 (u)v — wd 1 d 2 {u)v — bdi{w)uv — bwdi(u)v 
—wdi(u)d 2 (v) — bwdi(u)v + di(w)ud2(v) + wud^iv) + bd\{w)uv + bwud\{v) 
+wdi(u)d 2 (v) + bwdi(u)v — d 1 (w)ud 2 (v) — bdi(w)uv — wd 2 (u)d 1 (v) 
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—bwudi(v) + di{w)d,2{u)v + bdi(w)uv — bwud\{v) — wd 2 (u)di(v) 
—wud^iy) + bwdi(u)v + wdid 2 (u)v + wdi(u)d 2 (v) 
= w[u, v]i t2 - (3.36) 
Proposition 3.4 and the above two expressions imply the following theorem. 

Theorem 3.5. The families (A, [•, -] 1)2 + [•, -] 2 , °2,o) and (A, [■, -] 2 ,i + b[-, o 2)6 ) form 
GeVfand-Dorfman bialgebras. 

Remark 3.6. (a) Theorems 3.2 and 3.5 will be used in next sections of classifications, 
(b) For a Lie-Poisson superalgebra {A, •,[•,•]), the family [A, [•,•],•) m general docs 
not satisfy (1.13). So it in general does not form a Gel'fand-Dorfman super bialgebra. 

4 Classification I 

In this section, we shall classify the Lie algebras over the simple Novikov algebra (Aa,{o}, °) 
defined in (1.15). 

For convenience, we redenote 

x a = x afi for a e A; A = A A ,{o}- (4.1) 

Now (1.15) becomes: 

x a ° = (P + b)x a+ p for a,(3 e A. (4.2) 
Assume that (A, [•,•]) is a Lie algebra over (A, o). Set 

[xcXp] = Qq,g^ g for a, (3 e A, (4.3) 

ctGA 

where a a a ^ G C are the structure constants. The skew-symmetry of Lie algebra implies: 

<,p = -<%,<* for a,P,aeA. (4.4) 
For any a,/3,7 e A, by (1.11) and (4.4), 

[x 7 O x a , X/j] - [X 7 O X a ] + [x 7 , X a ] OXp- [X 7 , X/j] o x Q - x 1 O [x a , a^] 

= + & X+ 7 ,/3 - (/5 + &H +7 , Q ]z CT + (/5 + frK iC ^<7+/3 - (a + 6)0^^ 

a-eA 

-(a + b)a^x a+7 } 

= £[(a + fo )« + 7,/3 - «°7) + 9 + b )«^ - O -(° + b- l)aj}x a 

aeA 

= 0, (4.5) 
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which is equivalent to: 

(a + b){al + ^ - a°J) + ((3 + b)(a^ +1 - -(a + b- 7 )<7 = (4.6) 

for a, (3, 7, a G A. 

Letting a = 7 = in (4.6), we have: 

(P + &K ;/3 - (a + &K )/3 = for [3,a £ A, (4.7) 

which is equivalent to: 

(/3 - (7)0^ = for P, a G A. (4.8) 

Thus 

= for 0, a G A; /3 ^ <7. (4.9) 

We denote 

<p(P) = a? QS for /? € A. (4.10) 
Obviously p(0) = by (4.4). By (4.9), 

[x ,xp]=ip(P)x p for/3eA. (4.11) 

Letting a = 0, a = /3 + 7 in (4.6), we obtain: 

(/3 + &)«^ 7 -< 7 -< /3 ) = 0, (4.12) 

which implies: 

<p(P + 7) = <p(P) + (p(rf) for /3, 7 G A; 7^ —6 or 7 7^ —6. (4.13) 
If 6 G A, we have 

= ¥ >(6 + (-6)) = ¥ >(6) + ¥ >(-6). (4.14) 

Hence by (4.13) and (4.14), 

¥>(-&) + <p(-b) = <p(-b) + (<p(b) + <p(-2b)) = <p(-2b). (4.15) 

By (4.13) and (4.15), tp : A — > C + is a group homomorphism. 
We define an operator T> on A by: 

D(ii)=io°M for u G A (4.16) 

Then 

Cx a = {u e A \ V{u) = (a + b)u}. (4.17) 
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Letting w = xq, u = x a and v — xp in (1.11) for a, (3 G A, we get: 

(a + b)lx a ,xp}-(P+b)lxp,x a }+p(a)(p+b)x a+ p-p(p)(a + b)xp +a -Vlx a ,X/3} = 0, (4.18) 
which is equivalent to: 

(V-a-(3-2b)[x a ,xp\ = (<p(a)(l3 + b)-(p(P)(a + b))x a+ p. (4.19) 
If b = 0, then (4.17) and (4.19) imply: 

[x a ,xp\=a ( £$x a +p, (4.20) 

and 

<p(a)P = <p(P)a (4.21) 

for a, (3 G A. When A = {0}, the classification is trivial. So we assume A ^ {0}. Let 
a G A be any fixed nonzero element and set 

a = (4.22) 
a 

By (4.21), we have: 

<p(P) = a/3 for (3 e A. (4.23) 

Set 

/3) = a °+f + a(a - (3) for a,(3 e A. (4.24) 

By (4.10) and (4.23), 

0(0, (3) =0 for (3 G A. (4.25) 

Moreover, (4.4) shows that <fi is skew-symmetric. Letting a = a + (3 + r ym (4.6) for 
a, (3, 7 G A, we have: 

a(0(« + 7, /?) + - a - 7) - 0(7, (3) - a((3 - 7)) 
+(3(4>(a, (3 + 7) + 0(7 + /5 — a) — 0(a, 7) - 0(7 - a)) 

-(a + /3)(0(a,/3) + a(/3-a)) = O, (4.26) 
which is equivalent to: 

a(<j>(a + 7, (3) - 0(7, (3) - <P(a, = (3{ct>{(3 + 7, a) - 0( 7 , a) - <KA a)). (4.27) 
For a, 7 G A, we set 

S (a, [3, 7) = I a-i^ + 7 , a ) _ 0( 7) a ) _ 0(/3, a )) if a ^ 0! (428) 
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Note (4.25) and (4.27) imply that 

S (-, •, •) : AxAxA^C is s symmetric map. (4.29) 

Furthermore, 

<f>(P + 7, a) = 0(7, a) + 0(/5, a) + aS (a, /5, 7) for a, /5, 7 e A. (4.30) 

So the map So measures the nonlinearity of 0. 
By (4.20) and (4.24), we have: 

[x a , xp\ = (4>(a, (3) + a(/5 — a))x a+f 3 for a,/3e A. (4.31) 

Thus for a, /5, 7, the Jacobi identity of Lie algebra imply: 

[[x a ,X^],X 7 ] + [[Xi3,X-y},X a } + [[Xi,X a ],Xp] 

= (0(a, 0) + a(P - a))((f)(a + /5, 7) + 0(7 - a - P))x a+P+1 
+ (0(/5, 7) + 0(7 - /5))(0(/5 + j,a) + a(a-P- -i))x a+f3+1 
+ (0(7, a) + a(a - 7))(0(7 + <*, P) + a(P - 7 - a))za+/3+ 7 

= (0(«, /5) + a(/5 - tt))(0(«, 7) + 0(/3, 7) + lS (a, P, 7) + 0(7 - a - p))x a+p+1 
+(0(/5, 7) + 0(7 - /5))(0(/5, a) + 0(7, a) + aS (a, (3, 7) + a(a - P - ^))x a+p+1 
+ (0(7, a) + a(a - 7))(0(7, P) + 0(«, P) + PS (a, p, 7) + a(P - 7 - a))x a+/3+7 

= {0(a, /5)0(a, 7) + 0(a, /5)0(/5, 7) + 0(/5, 7 )0(/5, a) + 0(/5, 7 )0( 7 , a) 

+0(7, a)0(7, /5) + 0(7, a)0(a, /5) - a(0(a, + 0(/5, 7)0; + 0(7, a)P) + [70(a, p) 
+cry(/5 - a) + a(f>(P, 7) + aa(7 - 0) + /50(7, a) + a/5 (a - 7)]S (a, /5, 7)}:r a+/ 3 +7 

= {l<t>{a,P) + a0(/5,7) + /50(7, a))(S (a, /5, 7) - a)x a+/3+7 = 0, (4.32) 

which is equivalent to 

( 7 0(a, P) + c*0(/5, 7) + P<Kl, «)) (S (a, /5, 7) - a) = 0. (4.33) 

Note the above arguments are reversible. We summarize the above result as the 
following theorem. 

Theorem 4.1. Any Lie algebra over the simple Novikov algebra (v4.a,{o}i °) with 6 = 
has its Lie bracket in the form (4-31), where a is a constant and 0(-, •) : A x A — > C is a 
skew- symmetric map such that there exists a symmetric map S (-,-,-):AxAxA^C 
satisfying (4-30), (4-33). Conversely, for any constant a G C and a skew- symmetric 
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map (/)(-, ■) : A x A — > C suc/i that there exists a symmetric map Sq(-, •, •) : A x A x 
A — > C satisfying (4-30) and (4-33), the bracket in (4-31) define a Lie algebra over the 
simple Novikov algebra (»4a,{o}, °) with 6 = 0. In particular, the following satisfies our 
condition: when a = 0, is any skew-symmetric Z- bilinear form; when a ^ 0, 

<j){a, (3) = aipM - (3ip Q {a) for a, (3 e A, (4.34) 

where ipo : A — > C + a group homomorphism. 

Next we consider the case b ^ A. Now by (4.17) and (4.19), we have: 

-frfxa,^] = (y>(a)(/3 + 6) -y(/3)(a + 6))a; Q+ ^ for a,/?eA. (4.35) 

Thus 

[x a ,xp] = -(<p(P)a-(p(a)P + b(<p(P)-(p(a)))x a+ i3 for a, (3 e A. (4.36) 



Theorem 4.2. A Lie algebra is a Lie algebra over the simple Novikov algebra (v4.a,{o}j °) 
with b £ A if and only if its Lie bracket has the form (4-36), where (p : A — > C + is a group 
homomorphism. 

Proof. We only need to prove sufficient part. Let ip : A — > C + be a group homomor- 
phism and define the operation [•, •] on A = Aa,{o} by (4.36). Moreover, we define two 
operations d\ and d 2 on A by: 

di(x a ) = jif(a)x a , d 2 (x a ) = ax a for «GA. (4.37) 
b 

Then d\ and d 2 are mutually commutative derivations of A. By Theorem 3.6, (A, [•, •], o) = 
{•A., [•, -]2,i + b[-, -]i, o 2) b) forms a Gel'fand-Dorfman bialgebra. □ 

Finally we consider the case ^ 6 G A. Again by (4.17) and (4.19), we have: 

[x a , xp] = a a +p +b x a+ p +b + a^fxa+p (4.38) 

with 

<+/ = \{ip{(3)a - <p(a)P + %(/3) - <p(a))). (4.39) 

We set 

0(a, (3) = a a +P +b for a, (3 e A. (4.40) 



21 



By (4.4) and (4.9), 0(-, •) : A — > C is a skew-symmetric map and 

9(0,(3) = for (3 e A. (4.41) 
Letting cr = a! + /3 + 7 + &in (4.6) for a, (3, 7 e A, we obtain: 

( Q + 6 )( ( Q + 7, /3) - 0( 7 , /3) - 0( a , = (/3 + fc)(0(/3 + 7, a) - 0( 7 , a) - 0(/3, a)). (4.42) 
In particular, for (3 = —b and a 7^ —b or 7 7^ —6, we have: 

0(a + 7, -6) = 9(l, ~b) + 9(a, -b). (4.43) 

As (4.13)-(4.15), we can prove that (4.43) holds for any a, 7 G A. We set 

S b (a, (3, 7) = I ^ + 6 )-i^^ + 7j a ) _ 0( 7) a ) _ 0(/^ a )) jf a ^ ( 444 ) 
for a,/3,7 G A. Note (4.42) and (4.43) imply that 

Sf,(ai, «2, CK3) is symmetric with respect to a, and a, (4.45) 
whenever (a, + &)(«,- + b) 7^ 0. Moreover, 

0(/3 + 7, a) = 0(7, a) + 0(/3, a) + (a + 6)5 6 (a, /3, 7) for a, /3, 7 e A. (4.46) 
For a, (3, 7, by (4.45) and (4.46), the Jacobi identity of Lie algebra imply: 

[[x a ,xp},x^] + [[xp,x^],x a ] + [[x y ,x a ],xp] 

= -{[b9(a,P)x a+p+b + ((a + b)(p(/3) - ((3 + b)(p(a))x a+p , x 7 ] 
+[60(/3, 7)^/3+7+6 + ((/? + &M 7 ) - (7 + b)<p((3))x p+1 , x a ] 
+ [66>(7, a)x 1+a+b + ((7 + b)(p(a) - (a + &)y?(7)):r a+7 , a^]} 

= [0(ct, /3)0(a + (3 + 6, 7) + 9((3, 7 )0(/3 + 7 + b, a) + 0( 7 , 01)0(7 + a + 6, /3)]x a+/3+7+26 
+j-[0(a, + (3 + 2%( 7 ) - (7 + &Ma + (3 + b)) + 9(a + (3, 7 )((a + %(/3) 
-(/? + %(«)) + 0(/3, 7 )((/5 + 7 + 2&M«) - (a + 6)^(/5 + 7 + 6)) 
+003 + 7, a)((/3 + &M 7 ) " (7 + b)tp((3)) + 0( 7 , a) ((7 + a + 2%(/3) 

+ %(7 + a + 6)) + 0(7 + «, /3)(( 7 + &M«) - (a + b)cp^))}x a+p+1+b 



= [9(a, (3)9{a + (3 + 6, 7) + 0(/3, 7 )0(/3 + 7 + 6, a) + 0(7, a)0( 7 + « + &, /3)]a: a+/3+7+26 

-i[( 7 + 6)0(a, /?) + (« + 6)0(/3, 7) + (/? + 6)0(7, a)M&))x Q+/J+7+6 
= 0, (4.47) 
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which is equivalent to: 

0(a, P)0(a + (3 + b, 7) + 0(P, -y)9(P + 7 + 6, «) + 6(-y, 0)6(7 + a + b,p) = (4.48) 

and 

[(7 + b)0(a, P) + (a + b)0(/3, 7) + (P + 6)0(7, a)]^(6) = 0. (4.49) 
When 7 = in (4.49), we get: 

0(a,/5)v?(6) = for a,^6A. (4.50) 

Thus (4.49) is equivalent to (4.50) and 9 = if ip(b) + 0. 

If ip(b) = and 9 is Z-bilinear, then (4.42) naturally holds and (4.48) is equivalent to 

9(a,P)9(b,i) + 0(/3, 7 )0(&,a) + 9(i,a)6(b,P) = fora,/3, 7 GA (4.51) 

by the skew-symmetry of 9. If there exists 70 G A such that 0(6, 70) 7^ 0, then 

9(a, P) = 9(b, «)^^ " 0(b, P)j^ for for a,P E A. (4.52) 

Thus the solution of (4.51) is: 

9 is any skew-symmetric Z-blinear form such that b G Radg (4.53) 

or 

0(a, P) = y?i(a)y? 2 (/3) - <pi(a)<p 2 (a) for «, /3 G A, (4.54) 
where ipi , </? 2 : A — > C + are group homorphisms such that 

¥>i(6)=0, ¥» 2 (6) = -l. (4.55) 

Since the above arguments are reversible, we have the following theorem: 

Theorem 4.3. Any Lie algebra over the simple Novikov algebra (Aa,{o},°) with 7^ 
b G A has its Lie bracket as follows: 

[x a ,x l3 } = 0(a>,P)x a+l 3 +b + -((a + b)(p(P)-(P + b)(p(a))x a+l 3 for a,peA. (4.56) 

where tp : A — > C + is a group homomorphism, 9 = i/ </?(&) 7^ and : A x A — > C 
a skew-symmetric map satisfying (4-4%) an d (4-48) if ' <p(b) = 0. Conversely, for any 
given group homomorphism <p : A — > C + and a skew- symmetric map 9 : A x A — > C siicn 
inai = if (p(b) 7^ and (4-4®)> (4-48) hold if ip(b) = 0, (4-56) defines a Lie algebra 
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over the simple Novikov algebra (Aa,{o}, °) with 7^ b G A. In particualr, for any group 
homomorphism tp : A — > C + stic/j t/ioi </?(&) = and a skew- symmetric 7L-bilinear map 
9 : A x A — > C m (4-53) or (4-54), (4-56) defines a Lie algebra over the simple Novikov 
algebra (Aa,{o}, °) with 7^ G A. 

Remark 4.4. The following Lie algebraic structure on A = Aa, {0} seems interesting 
itself, although it not directly related to Gel'fand-Dorfman bialgebras. In fact, it can also 
be viewed as generalizations of Block algebras (cf. [B]). Assume that 7^ b G A. Let 
</>(•, •) : A x A — > C be a skew-symmetric Z-bilinear form such that 6 ^ Rad^, and let 
ip : A — > C + be a group homomorphism. We have the following Lie bracket on A: 

[x a , xp] = (ip(a)(f)(b, j3) - <p(P)<f)(b, a)x a+p+b + <j>(a, P)x a+(3 for a, (3 G A. (4.57) 

5 Classification II 

In this section, we shall classify the Lie algebras over the simple Novikov algebra (»4a,n> °) 
defined in (1.15) with b (jL A. Several families of Lie algebras over the simple Novikov 
algebra (»4a,n> °) with b G A will be constructed. 

We start with the general case of arbitrary 6. Let (Aa,Nj b ']) be a Lie algebra over 
the Novikov algebra («4a,n, °)- Set 

[x a ,i,xpj\= a a k i;/3,j x <r,k for a, (3 E A, i,j G N. (5.1) 
ctga, fceN 

Then the skew-symmetry of Lie algebra shows 

<>:;':,: ,, = for a, P,* G A, i, j, k G N. (5.2) 
For a,/3,7 G A and i, j,Z G N, by (1.11) and (1.15), 

= {(« + 6)(aat r ,i+i ;i 8j^ ) * - a^.^av+a.fc+i) + (/? + 6) K'*^ J+l x a , k 

o-gA, fceN 

i a,k \ , •/ <r,fc \ I ■/ <r,fc 

~l~ a y,l;a,i X v+P,k+j) + l \ a a+'y,i+l-l;/3,j X o;k ~ a j,l ; f3j X a+a,k+i-l ) + 3\ a a ,i;f3+*f,j+l-l X <r,k 

+ a jia,i X °+P,k+j~l) ~(<T + fya^.pjX^^k+l - kaZ*.pjX a+ i t k+l-l} 

o-eA, fceN 

, •/ cr,fc a— a,fc+l— i\ , •/ cr,fc , it— /3,fc+l— j\ 

+H a a +7,i+2-l;/3,j ~~ a 7,';/3,j ' + 3\ a a,i;/3+y,j+l-l + S,^,* ' 

- 7 + &)<3r - (fc + 1 - 0<X H K^ = 0, (5.3) 
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which is equivalent to: 



(a + b)(a^ i+l . Aj - a^jj l ) + {(5 + 6)(a^ ;i8+7J . +J + a* J; g ^ 

, •/ CT,fc _ <T — Q,fc + 1 — i\ i ■/ <T,fc , (7— /3,fc + l — j\ 

+H a a+ 7 ,j+/-l;/3J a 7 ,';/3,i ' + J\ a a,i;P+y,j+l-l "+" <V;cM ' 



(5.4) 



for a, /3, 7, a G A and i, j, I, k G N. 

Letting ct = 7 = and 2 = / = in (5.4), we have: 



CT,fc+l 



that is, 



<T,fc+l 



(5.5) 



(5.6) 



l 0,0;/3,i - k + 

Thus by mathematical induction, we have: 

«SU" = E (^)?@^ " ^~X'o°^-p for P e A, j,k e N. (5.7) 



p=0 



For any given /3 G A and j G N, since [xo,o, xpj] is a finite linear combination of {x a ^ 
a G A, A; G N}, there exists integer K > j such that 



(5.8) 



Hence (5.7) and (5.8) give the following system: 

il {K + \_ pV p W-°) K+ ™<M-P = Q fOT 9 = 0,l,2,...,j. (5.9) 



p=0 



Assume (3 ^ a. We view {oo'o /3 j' °o'o /3 j-i' a o'o-/?o} as unknowns. The coefficient 
determinant of the system (5.9) is: 



(i) 



X! ' (A"-l)! 



(K-j)\ yj 



W-*) K+1 {P-v) K (3 



(K+l) 



(K+jy. ' (K+j-iy. \i) 



-jy. y 3 > 



(K+l-j)\ \j 



{^) K 13 



(i) 



1, X, 
1, 



l)---( J ftT + l - j) 
(K+l)K---(K + 2-j) 



1, (x + j), (tf + jXtf + j -1) •••(*' + 1) 
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(P - a) K 



1, z{\ 



-1 *1 
1 z K+1 



1, z 



K+j 
1 ) 



"J 



K+j 



f[(^-^ K ( d 



— \(z 1 z 2 ---z j ) 



K 



1, 1, 

1, z u 



1, z{, 



Zl=Z2 = — Zj = l 

, 1 



, Zj 



Z 3 
Z 3 



- Zl=Z2 = ---Zj=l 



09 - *)* 



(z^-.-z^hki-zm n (^-^) 

i=i i<s<t<j 



Thus we have: 



a,0 



<T,0 



a O,0;/3,j - a 0,0;/3,j-l 



CT,0 p. 

°0,0;/3,0 ~~ U - 



By (5.7), we obtain: 



and 



a 



cr,k 



for j3 ^ a G A, k e Z 



if fc > j, 



uJ a 0,0;/3,j-fc -J 



^1=^2 — •••Zj = 1 

(5.10) 

(5.11) 
(5.12) 
(5.13) 



Letting a: = 7 = 0, a = (3, i = and /c = / = 1 in (5.4), we get: 

(0 + W^oWhi + <}3>) +i«o; /3j + CU) - (/? + - «SU,- = 0. (5.14) 

By (5.13) and (5.14), 

(/3 + &)0' a Jo ; /9j + 5ijaj;. 0)0 ) + (j - l)ja5J ;/3 j_i + j52jaS;S; 0) o = °- 
When j = 1 in (5.15), we have: 

(/3 + &)K'oVi + a o;i ; o,o) = 0- 

Thus 



(5.15) 



(5.16) 



13,0 _ 0,0 
a 0,0;/3,l ~~ a 0,0;0,l 



for -b^fieA 



by (5.2). When j = 2 in (5.15), 



2{f3 + &)an' .«,2 + ^an'o.fl i + 2a ' 1;0 — 0, 



0,0 



0,0 

3,l;0,v 



which is equivalent to: 



<o%,2 = for -b^f3eA 
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(5.17) 



(5.18) 



(5.20) 



by (5.2) and (5.17). When j > 2 in (5.15), we get: 

j(P + b)a^. Aj + (j - n/'C, , = 0, (5.21) 

which is equivalent to 

(^ + &)<0 ;^ = (1-J)<0°;^-1- (5-22) 

Moreover, by (5.20), (5.22) and mathematical induction on j, we can prove: 

a So° ; /3,i = for ~b^(3eA, 2<jeN. (5.23) 
When (3 = — b in (5.15), we have: 

U ~ l)ja^o ; °_ 6J -i + jhA'%,o = 0, ( 5 - 24 ) 

which implies: 

% b o-- b ,i = <o ; o,i, ^0° /, ; = for 2 < j G N. (5.25) 
Therefore, we have: 

<oVi = Q o;o;o,i, <Cw = for G A, 2 < j G N. (5.26) 

We denote 

<o ; o,i = A > <Uo = for (3 G A. (5.27) 

By (5.13) and (5.26), 

<oS = Aj for G A, j G N. (5.28) 

Thus we have: 

Ko, = <P(P)*i3j + x J x /3,j-i for e A, j G N. (5.29) 

Note that letting a = 0, <r = /3 + 7 and i=j = / = /c = 0in (5.4), we get the same 
equation as (4.12) with a p Qp replaced by Oo|o ;Pi o for p G A because a^.^Q = by (5.13). 
So (f : A — > C + is a group homomorphism by (4.12)-(4.15). 
Define an operator D on Aa,n by 

V{u) = Xofi o u for -u G ^4a,n- (5.30) 

Then 

j'-i 

^Ca: Ap = {ue A A>m \(V-/3- by(u) = 0} for (3 G A, j G N. (5.31) 

p=0 
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For a, (3 G A and i,j G N, letting u> = x ,o, u = x a j and v = xpj in (1.11), we get: 

[(a + b)x ati + ix aii -i,Xfij] - [((3 + b)xp d + jxp d _ u ar Qii ] + (<p(a)ic a)i + Aix tt)i _i) o xp tj 
-(ip((3)xpj + \jxpj-!) o x a>i - x ,o o [x Q>i , a^j] = 0, (5.32) 

which is equivalent to: 

(V — a — (3 — 2b)([x a ^xp tj \) 

= i[xa,i-i,a:^j] + j'K^w-i] + (</?(«) (/3 + &) - + &))x Q +/9,i+.7 

+[i(A(/3 + 6) - + j(<p(a) - A(a + &))]x a+/9 , i+j _i. (5.33) 

Assume that 5^0. By (5.31), (5.33) and mathematical induction on i + j, we can 
prove that 

i+j 

[x a ,i, xpj] = Y^ < K ( &S' kx ^+P+b,k + ^i3 k j x a+p,k) for a, (3 G A, i, j G N, (5.34) 

fe=0 

where we treat x a +/3+&,fc — if b £ A. Note that 

i+j i+j 

(D -a-P- 2b) a S5,j^+/3,fc) = <3j(- te «+/3,fc + fcs a +/j,fc-i)- (5.35) 

fe=0 fc=0 

Hence by (5.33)-(5.35) and mathematical induction on i + j, we can prove that 

= l((a + bM(3) - (J3 + b)<p(a)) for a,(3 G A, i,j G N. (5.36) 
Moreover, by (5.34) and (5.35), the coefficients of x a+ p >i+ j-i in (5.33) shows that 

-K^?'- 1 + ^((« + - (0 + %(«)) 

= i±^((« + %(/3) - ((3 + b)<p(a)) + i(\(J3 + b)- <p(j3)) 

+j(<p(a)-\(a + b)), (5.37) 

which is equivalent to: 

^t&T 1 = - W + + b)- ¥,(«))] (5.38) 

for a,/3e A, i,j G N. From the coefficients of x a+ p ti+ j^ 2 in (5.33), we get 

-Ksm*' 2 + i± ^[^(^(/5) - A(/3 + &)) + J(A(« + 6) - *>(a))] 
= - l)(^(/3) - A(/3 + 6)) + j(A(a + 6) - *>(<*))] 

+^[< - A(/3 + b)) + (j - l)(A(a + 6) - ¥>(<*))] 
= - + J & ~ 1 [* W) ~ X(J3 + 6)) + j(A(a + b) - y(a))], (5.39) 
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which is equivalent to: 

a Z-ff°~ 2 = for a, j3 E A, i,j e N. (5.40) 
Thus by (5.33)-(5.35) and mathematical induction, we can prove that 

a S?* = for «,/3eA, i,j GN, k < i + j — 2. (5.41) 



Theorem 5.1. ^4 Lze algebra is an algebra over the simple Novikov algebra (Aa,n,°) 
(cf. (1.15)) with b A if and only if its Lie bracket has the following form: 

[xa.uxpj] = ^((a + b)<p(/3) -(P + b)<p(a))x a+ p, i+j 

- HP + b)) + j(X(a + b)- ipia^x^i+j^ (5.42) 

for a,P e A, i,j e N, where ip : A — > C + a group homomorphism and X e C is a 
constant. 

Proof. The necessity has been proved in the above. 

To prove the sufficiency, we define operators d±, d 2 on ^4a,n by 

di(u a j) = (p(a)u aji + Am aji _i, d 2 (u a ^) = au a>i + m Q ,i-i for a G A, % e N. (5.43) 

Then di and o?2 are mutually commutative derivations of (v4a,n, •)■ Moreover, the algebraic 
operations defined in (5.42) and (1.15) have the property: 

6[-,-] = h-ki + 6h-]i> ° = °fe (5-44) 

in terms the notions in (3.30) and (3.31). Thus (1.15) and (5.42) define a Gel'fand- 
Dorfman bialgebra by Theorem 3.5. □ 

Remark 5.2. (a) Up to this stage, we have not completely classified all the Lie 
algebras over the simple Novikov algebra (Aa,n, °) with b e A. The best informations 
that we have obtained are as follows. When 0^&G A, 

<%T = EQ(,4)<S^-* fOT «>0 e A > ^ e N > ( 5 - 45 ) 

k=0 

a 0,l;0,j - Q(26)j-2 a 0,l;0,2 ; a 0,i;0,j ~ 6(26) i+ ^ 2 a 0,2;0,l l°- 40 J 

for 1 < i, j e N. When 6 = 0, for a, /3 e A and i, j e N, 

<$J = fari+j + KfcGN, (5.47) 
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<S;; W = ¥>(«)/* - C?A +J = Co5°o + W - <P(P)) + - (5-48) 

a 3SS = Ed)^)^^* for j+j>fceN, (5.49) 

[x ,i,x 0j ] = X(j - i). (5.50) 

Equation (5.50) was proved by Osborn and Zelmanov [OZ]. 

(b) The followings are Lie algebras over (*4.a,n, °) with 6 = 0: 

(1) For a skew-symmetric Z-bilinear form (/>(•,•): A x A — > C and a group homomor- 
phism (p : A — > C + , the Lie bracket is defined by: 

[a; a) i, a^j] = 0(«, /3)x a+/3 ,; +i + (i<p(P) - jV(a))x a+/ a, i+i7 -_i (5.51) 

for a, /3 G A, i,j G N. This structure is obtained by Theorem 3.8 when [•, •] = [•, •] 0,2,3 
with dj defined in (5.43). 

(2) For a group homomorphism ip : A — > C + and a nonzero constant A G C, the Lie 
bracket is defined as follows: 

fca.t,^-] = - /3^(a))a; a+/3 ,i +i + [i(<p(p) - X[3)+j(Xa - ^(a))]x a+Ai+J -_i (5.52) 

for G A, i,j G N. This structure is obtained by Corollary 3.7 with defined in 
(5.43) and 6 = 0. 

(3) For a group homomorphism </? : A — > C + , the Lie bracket is defined as follows: 

[x a ,i,xp d ] = (a(p(P)-P(p(a) + P-a)x a+ p ji+j + (i(p(P)-j(p(a)+j-i)x a+Pji+j -. 1 (5.53) 

for a,P G A, i, j G N. This structure is obtained by Theorem 3.6. 

(c) Lie algebras over (Aa,n, °) with 7^ b G A: 

(1) For a group homomorphism tp : A — > C + and a constant A G C, the Lie bracket is 
defined by (5.42). 

(2) For group homomorphisms ip,ipi,ifi2 '■ A — > C + such that ip(b) = (fii(b) = and a 
constant A G C, the Lie bracket is defined below: 

[x a ,i,xp,j] = (<pi(a)<p 2 (P) - <pi(P)<P2(a))x a +i3+b,i+j 
+((a + b)tp(P) -(P + bMa))x a+ ^ i+j 

+[i(<p(P) - X(P + b)) + j(X(a + b) - v (a))]x a+ ^ +J ^ (5.54) 

for a,P G A, i,j G N. This family of Lie algebras are motivated by Theorem 4.3 and 
(5.42). 
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(d) The following Lie algebraic structure on »4a,n seems interesting itself, although 
it is not directly related to Gel'fand-Dorfman bialgebras. Assume that 7^ b e A. Let 
<f>(-,-) : A x A — > C be a skew-symmetric Z-bilinear form such that b £ Rad^ and let 
<f, <f 1 : A — > C + be group homomorphisms such that <^(6) = 0. We have the following Lie 
bracket on »4a,n : 

[x a ,a;/3] = {fi(a)(j)(b,(3) - f 1 (P)(j)(b,0))x a+ p +b + (j)(a,P)x a+ p 

+(MP) - 3V{<x))x a+ i3,i+j-i (5.55) 

for a,(3 e A, i,j e N. 

6 Classification III 

Recall we have a commutative associative algebraic structure on Aa,v defined in (1.16). 
As indicated in (1.18), the commutator algebras of all simple Novikov algebras (*4.A,r,o§) 
for £ e Aa,t are the same. We ask whether are the all Novikov algebraic structures on 
£ G Aa,f whose commutator algebras are the following Lie algebra: 

[x a ,i, xp,j] = (fl ~ a)x a+(3 , i+j + (j - i)x a+/3i j +j _i for a, e A, i,j e N. (6.1) 

We shall give a confirmative answer to the case T = {0}. 

Let (*4A,r, °) be a Novikov algebra whose commutative algebra is given by (6.1). Then 
(Aa,t, [•) •], °) forms Gel'fand-Dorfman bialgebra, that is, (1.11) holds (cf. Theorem 2.3). 
Set 

£ = x 0fi o x ,o (6.2) 
and define another algebraic operation o on ^A,r by: 

uo v = ^uv for u,v E Aa,f- (6.3) 



Lemma 6.1. The family (Aa,t, [•, •], °o) forms a GeVfand Dorfman bialgebra. 

Proof. It is easily seen that (.4.A,r, °o) forms a Novikov algebra. Moreover, (1.11) 
holds because o = o ? — o and both ([•, -],Og) and ([•, -],o ) satisfy (1.11) (cf. (1.18) and 
Theorem 2.3). □ 

Now we let 

-k = O — o . (6.4) 
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Note that the commutator algebra of (Aa,t, [•,•], °o) is a trivial (abelian) Lie algebra. 
Thus the commutator algebra of the algebra (Aa,t,*) is also (Aa,t, [•, •]), and ([•,•],*) 
satisfies (1.11). Specifically, we have: 

x a,i * x /3,j ~ x (3,j *Xa,i — [ x a,i, x /3,j] = (P ~ ®) x a+/3,i+j + (j ~ i) x a+j3,i+j-l (6-5) 

for a, (3 G A, i,j G N, 
[iu * u, v } — [w -k v, u] + [w, u] * v — [w, v] * u — iu * [iz, f ] = for u,v,w G »4A,r, (6.6) 

^o,o*^o,o = 0. (6.7) 

Below we assume that T = {0}. We shall determine (Aa,{o},°) through (Aa,{o},*)- 
Recall the notion in (4.1). We write 

x a -kxp — Cg ffXg for a,/3GA. (6.8) 
o-eA 

Then by (6.3) and (6.7), we have: 

C a,/3 - Cp,a = da,a+p(P ~ «) for A > ( 6 -9) 

c£ = for (j G A. (6.10) 
Moreover, for a, /3, 7 G A, (6.6) gives 

[X-y * Xq., X^] [X-y * X/3, X a ] + [X-y, x a ]*xp - [x 7 ,x^] ★ 

= a ) c °,a x «+P - (a - ^)c; i/3 x a+a + ((a - 7K +aj/3 

o-eA 

- 7)c" +/3 , a - (/3 - a)c^ a+ p)x a ] 

= £[(2/3 ~ °YJ - (2a - a)^/ + (a - 7 K +a>/3 
o-eA 

-(/? - 7 )c; +Aa -((3- a)cl a+p \x a = 0, (6.11) 

which is equivalent to: 

(2(3 - aYj - (2a - o)c°J + (a - - (/? - - 09 - a)<* >a+/s = (6.12) 

for a, (3, 7, a - G A. 

Letting a = 7 = and (3 7^ in (6.12), we get: 

^"^,0-^ = ( 6 - 13 ) 

by (6.10), which implies 

(a - 2/J)cfo = -/3 2 <^ (6.14) 
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by (6.9). Hence 

<% >/} = for 0, a G A, a ^ (3, 2(3, (6.15) 
cJ >/9 = /3 for (3 e A. (6.16) 
Next we let 7 = 0, a = 2(ct + (3), a 7^ ±/3 and aj3 7^ in (6.12), and obtain: 



ac 



2(a+/3) _ R 2{a+f3) _ (R _ ^„2(a+/?) 
a,/3 



"^ w -()9-a)^ = 0, (6.17) 



by (6.15). Moreover, by (6.9), (6.17) can be written as: 

(«-/?)^-0?-«)4SSf = 0, (6-18) 

which implies: 

= - c oS } for 0^«,/?G A, a ± ±0. (6.19) 
When a = 0, cr = 2(/3 + 7) and 07 7^ 0, (3 ^ ±7 in (6.12), we have: 

2(0 + 7)cX 7) - 7<7 7) - (^ " 7)« - ^S +7) = (6-20) 
by (6.15). Moreover, by (6.9) and (6.19), (6.20) implies: 

= 0. (6.21) 

Thus 

= = 0. (6.22) 

For any 7^ r G A, we let (3 = 2r and 7 = — r. Then (3 and 7 satisfy our assumption. So 

= ^Ztl-l? = for r G A. (6.23) 
Assuming that a = and a 7^ /3 + 7 in (6.12), we get: 

</3 - 7^ - (3c^ = (6.24) 
by (6.15) and (6.22)-(6.23). Thus 

cZ ufi = for (3, 7, <r G A, a 7^ /? + 7. (6.25) 
Supposing that 7 = 0, a ^ (3 and a = a + /? in (6.12), we get: 

(P ~ «K, a + 09 - «)<, + ac^ - -{(3- a)c a +% = 0, (6.26) 

which is equivalent to: 

(a-(3)c a J = (3(a-(3). (6.27) 
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So we have: 

c°+f = (3 for a, (3 G A, a ^ (3. (6.28) 
Letting a = 3(3, ^ = (3^0 and a = 5(3 in (6.12), we get: 

-3(3c 4 p % ~ + 2/^/3 + 2 ^4% = °> ( 6 - 29 ) 

which is equivalent to: 

-9(3 2 - /3c^ + 2/3 2 + 8(3 2 = (6.30) 

by (6.28). Thus we have: 

cfj = (3 for (3 E A. (6.31) 
By (6.25), (6.28) and (6.31), we have: 

x a * xp = (3x a+ p for a,/3G A. (6.32) 

Hence by (6.2)-(6.4), Lemma 6.1 and (6.32), we obtain the main result in this section: 

Theorem 6.2. The set {(^4a,{o}j °?) I £ £ -4 a, {o}} enumerates all the Novikov alge- 
braic structures over Aa,{o} whose commutator algebras are given by (6.1). 
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